We consider theories of gravity that include many coupled scalar fields with arbitrary couplings, in the geometric framework of wave maps. We examine the possibility of obtaining acceptable cosmological solutions without the inclusion of a potential term to the scalar fields. To illustrate the theory, we study two simple models and compare their solutions to those in General Relativity. We also address the issue of the conditions that must be satisfied by the wave maps for an accelerated phase of the Universe.
Introduction
The expansion history of the Universe is marked by two characteristic phases, namely, inflation at the early stage and the present longer period of acceleration. In both situations, scalar fields are essential ingredients in the construction of cosmological scenarios aiming to describe the evolution of the early and the present Universe. The accelerating phase of the Universe requires scalar fields with non-negative potentials playing the role of a cosmological term. Therefore, scalar fields have been a trustworthy tool used by theorists for the explanation of the accelerating expansion of the Universe [1] . Scalar fields arise in several conformally equivalent theories of gravity, e.g., in higher order gravity theories [2] , as well as in string cosmology [3] . The conformal potential which appears in the former class, [2] , provides the best-fit, generic explanation to the 9-year WMAP and the Planck data amongst all other options, when we set the degree of the polynomial lagrangian n equal to half the spacetime dimensionality D = 2n. An example of such a model belonging in the generic class D = 2n is the special case D = 4, n = 2 (R 2 -inflation), cf. [4] , Fig. 7 and Appendix, [5] , Fig. 8 , where the latest Planck results [5] enhance their previous 2013 and 2015 results.
The simplest scalar-tensor theory developed by Brans and Dicke also involves a massless scalar field with constant coupling to matter, while generalizations of the Brans-Dicke action led to scalar-tensor theories involving scalar field self-interactions and dynamical couplings to matter [6, 7] . For cosmological models based on scalar-tensor theories from a similar, dynamical systems perspective as the one studied in this work, see [8] [9] [10] [11] [12] . Further generalization is achieved by considering models with multiple scalar fields (see e.g. [13] ). For recent studies on multiple scalar field models see for example [14, 15] . Multifield coupled quintessence was investigated in [16] in the framework of assisted dark energy or assisted quintessence. For a detailed investigation on dark energy models using dynamical systems methods see [17] and references therein.
A unified way to treat various aspects of scalar fields models interacting with each other is provided by the concept of a wave map. A wave map is a map from a spacetime to a Riemannian manifold. More precisely, let (M m , g µν ) be a spacetime, (N n , h ab ) be a Riemannian (or semiRiemannian) manifold and φ : M → N be a smooth map. M is called the source manifold and N the target manifold.
Wave maps have been a focus of deep studies, and we know that they are regular in the spherically symmetric case under suitable conditions on the Riemannian target [18] , and also that they are stable for compactly supported initial data, remaining close to spherical symmetry [19] . Physical systems with multiple scalar fields can also be incorporated into the concept of suitable wave maps. The fundamental link of wave maps to multifield models is that the scalar fields φ a , a = 1, . . . , n appear as the coordinates parameterizing the Riemannian target. The metric h ab expresses the possible couplings between the scalar fields. There are a number of basic advantages in treating interacting scalar fields as wave maps over the more widely used formulation:
• It provides an alternative, elegant, invariant, coordinate-free treatment of any model that contains many scalar fields. This is clearer conceptually, and complementary to the usual, coordinate-based, intuitive description.
• It gives a more economical way to describe the models, and so it unifies various seemingly unrelated properties of different scalar field models. If a property holds for the wave map, it is automatically valid for any multi-scalar field model obtained from it.
• It offers the possibility to ask novel questions, especially global ones, very difficult to think in the standard approach. For example, how do the connections or the curvatures of the source or the target spaces of the wave map affect the global behaviour of the interacting scalar fields? More generally, what are the implications of various possible geometric or topological constructions related to a given wave map model for the resulting multiple, interacting scalar fields?
• We may always revert to the coordinate description, if we wish to compare the invariant results obtained to those of the coordinate approach.
In this work we examine the opposite case, that of theories without potentials for the scalar fields, where the scalar field interactions drive the evolution instead of their possible potentials. We imagine that throughout its history (or at least for the periods we focus in this paper), the Universe is driven by the dynamics of a wave map with vanishing potential energy. (For some results with a non-zero potential, see e.g., [20] using, however, a coordinate description). In the simplest case considered in the present work, we assume the target space to be one-dimensional (Section 4), or two-dimensional with a diagonal metric (Section 5). We believe that other choices of target, such as a hyperbolic space, can lead to different results but this is in fact a far more complicated case.
The plan of the paper is as follows. In the next section we introduce the wave map model and prove an equivalence of the resulting wave map-tensor theories to wave maps with arbitrary couplings to the curvature. In Section 3, we study the possibility of obtaining acceptable cosmological solutions without imposing a potential term to the scalar fields. To this end, in Sections 4 and 5 we construct two specific models that incorporate wave maps, and compare the resulting wave map solutions to the corresponding ones known in General Relativity. Finally, in Section 6 we further discuss the issue under which conditions our model could predict accelerated expansion of the Universe.
Einstein-wave map system
We consider the action
where R is the scalar curvature of the spacetime. We use Greek indices for tensor fields on the source manifold M, Latin indices for the tensor fields on the target manifold N . Variation with respect to the metric g and the fields φ a , leads to the so called Einstein-wave map system, namely
where
is the metric connection of the target manifold N . These equations constitute a quasi-linear system of hyperbolic PDEs for φ a . The stress-energy tensor of the wave map, as defined in the standard way through the basic wave map Lagrangian, is given by
It has the properties of being symmetric, divergence-free and T µν u µ u ν ≥ 0 for all future-directed timelike vector fields u. In the simple case N = R, we see that T µν is reduced to the stress-energy tensor of a massless scalar field.
One may be tempted to generalize the theory (1) with arbitrary couplings to the curvature and kinetic terms, i.e.,
where A, B are arbitrary smooth non-negative functions of φ (for further details see [21] , [22] ). Such a theory includes as special cases many of the scalar field models considered in the literature (e.g., [13, 23, 24] .). If B (φ) is a strictly positive function, it can be absorbed from the beginning into the metric of the target manifold, i.e., without loss of generality we may set B = 1. Furthermore, defining a new metric byg
the scalar curvature transforms as
Dropping a total divergence and noting that ∂ µ A = (∂A/∂φ a ) ∂ µ φ a , the action becomes,
where A a = ∂A/∂φ a . In general, the quadratic form
is not positive definite, unless one imposes further conditions on the functions A and B. For example, in simple scalar-tensor theories, with A (φ) = φ and B (φ) = ω (φ) /φ, one has to impose the condition that ω (φ) ≥ −3/2, in order that the energy density of the scalar field be non-negative. Assuming that rank π ab = dim N , we may define the reciprocal tensor π ab , i.e., π ab π bc = δ a c . Therefore the target manifold is endowed with a new metric, and we use π ab to raise and lower indices in N . Using eq. (4), the original action becomes that of a wave map minimally coupled to the Einstein term
This result shows that under certain conditions, couplings of the wave map to the curvature are conformally equivalent. If ordinary matter is present, then an extra term S matter should be added to the action (1). For the possible invariant quantities associated with conformal transformations of multifield models (independently of the wave map perspective studied here), see [25] .
Cosmological wave maps
We consider flat, homogeneous and isotropic spacetimes and adopt the metric and curvature conventions of [26] . Units have been chosen so that c = 1 = 8πG. The Hubble function is defined by H ≡ȧ/a, where a (t) is the scale factor and an overdot denotes differentiation with respect to time t. We assume that ordinary matter is described by a perfect fluid with equation of state p = (γ − 1)ρ, where 0 < γ < 2. The Bianchi identities imply that the total energymomentum tensor is conserved, and assuming that there is no energy exchange between the perfect fluid and the scalar fields, each component is separately conserved. The field equations reduce to the Friedmann equation,
the Raychaudhuri equation,Ḣ
the wave map equations (3),φ a + 3Hφ a + Γ a bcφ bφc = 0;
and the conservation equation of the perfect fluid,
A significant part of models studied so far in the literature, especially in string cosmology [3] , depend on the choice of the target metric h ab . For instance, if N = R then φ is simply a real scalar field on the source M. If, on the other hand, we choose N = R n then the wave map φ = (φ 1 , ..., φ n ) may be thought of as n uncoupled scalar fields on M.
We begin with some general properties of the system (6)- (8) with the constraint (5). Firstly, the system shares the remarkable property of the Einstein equations that, if equation (5) is satisfied at some initial time, then it is satisfied throughout the evolution. We recall that h ab is positive definite, i.e., h abφ aφb > 0, for all nonzero scalar field velocitiesφ a . Secondly, following the arguments in [27, 28] , one can show that an initially expanding flat universe remains ever-expanding. In fact, the set {(φ i ,φ i , ρ, H), H = 0} is invariant under the flow of the system (6)- (8) with the constraint (5). Therefore, the sign of H is invariant. If the sign of H could change, a solution curve starting with say, a positive H, would pass through the origin which is an equilibrium solution of (6)- (8), thus violating the fundamental existence and uniqueness theorem of differential equations. We conclude that initially expanding universes remain ever expanding. Thirdly, equation (8) of the above system implies that also the set ρ = 0 is invariant. Therefore, if initially ρ is positive, it remains positive for ever. Furthermore, for ρ > 0 the second equation (7) of the system impliesḢ < 0, thus H is a decreasing function of time t.
In the following Sections, we construct two examples to illustrate the theory.
One-dimensional target manifold
The simplest example one can construct is by considering a one-dimensional target manifold. We assume that the metric has the form
where h 0 and λ are positive, otherwise arbitrary constants. The assumption that λ is positive is not restrictive. For λ = 0, the target manifold is simply R and the system describes models with a massless scalar field. For negative λ, it will be clear at the end of this section that the nature of the equilibrium solutions remains the same and the corresponding phase portrait is symmetric with respect to the y axis. The field equations (6)-(8) take the form
Equations (11)- (13) constitute a four-dimensional dynamical system subject to the constraint (10). We introduce expansion-normalized variables [26, 29] , defined as
We assume that initially the Universe is expanding. As discussed in the previous section, it follows that H > 0 for all t, thus the above new variables are well defined. Note that for H > 0, the scale factor a(t) is a monotone increasing function irrespective of the particular form of the metric h ab . Therefore, we may define a new time variable as τ = ln a. Since dτ /dt > 0, the new time is also well defined. In the following, a prime denotes differentiation with respect to the new time τ . An advantage of the expansion-normalized variables' formalism is that the evolution equation for H,
decouples from the rest of the evolution equations. In fact, the system becomes three-dimensional
subject to the constraint Ω + y 2 = 1.
The physical values for Ω are, Ω ≥ 0 and from the constraint we get Ω ≤ 1. We observe that Eqs (15) and (16) can be written as a single differential equation
with solution given by,
Note that the differential equation (18) is defined for all Ω = 1, but the solution (19) can be extended to the whole interval [0, 1]. According to the sign of c, the graph of the function y(Ω), given in (19) , has two branches. From Eq. (15) we conclude that the plane y = 0 is an invariant set, therefore the sign of y is invariant. Hence y stays on only one branch of (19) and thus takes either only positive or only negative values. We arrive at the same conclusion by the continuity properties of y. From the definition of y, for expanding universes, H > 0, a positive sign of y corresponds toφ > 0, hence to an increasing function of φ. Since the sets y > 0 and y < 0 are invariant we conclude that the sign ofφ remains invariant and therefore the scalar field does not oscillate. A further reduction of the dimension of our dynamical system can be obtained by eliminating Ω from equations (14)- (16), using the constraint (17) . The system becomes
From (17) the phase space of the system is given by the strip, (20)- (21) Label (x, y) Ω a(t) Stability Acceleration A (α/λ, 0) 1 t
2/3γ
Saddle γ < 2/3 B ± (0, ±1) 0 t
1/3
Unstable Never
The equilibrium points of the system (20)- (21) are shown in Table 1 . For the construction of the phase portrait we note that the system (20)- (28) is symmetric with respect to the x axis, i.e. it is invariant under the transformation (t, y) → (−t, −y). That means that if (x (t) , y (t)) is a solution, then also (x (−t) , −y (−t)) is a solution and therefore, every trajectory has a twin, symmetric with respect to the x axis and with opposite orientation. Eq. (20) implies that the solution C attracts almost all trajectories starting to the left of the separatrix q. Trajectories starting to the right of the separatrix q diverge, approaching the limiting state of an ever-expanding Universe with H → 0 and Ω → 1. This is due to the fact that the scalar field increases without bound and its contribution through (9) to the evolution of the system fades. The phase portrait of the system is shown in Figure (1) .
For the interpretation of the solutions let us stay at the upper half plane 0 ≤ y ≤ 1. Point B + is an unstable past attractor and represents a field dominated state. This explains the fact that near big bang the scale factor evolves as t 1/3 (Dirac's cosmology [30] ). On the contrary, points A and C are matter dominated and the scale factor evolves as in GR. In fact, y ≥ 0 implies that φ (t) is an increasing function of time and therefore the significance of the scalar field at late times is negligible. Point A is a saddle and represents a matter era with kinetic terms of the scalar field which do not contribute to the total energy density. Point C is a future attractor and matter dominated. Two conclusions can be drawn from the above analysis: First, there exist no scaling equilibrium solutions and second, no equilibrium may represent an accelerating phase of the Universe, except in the unrealistic case γ < 2/3.
Two-dimensional target manifold
A more complicated model can be constructed by a two-dimensional target manifold. We assume that the metric is diagonal with
λ, µ > 0. The constants h 0 and δ are assumed to be positive which guarantees that the metric is positive definite. δ is a measure of the difference of the ratio h 22 /h 11 from unity. With this choice all the connection coefficients Γ of the target manifold are constants, depending only on (20)- (21) for γ = 1 and λ = 2.5.
the parameters λ, µ and δ. Equations (6)- (8) reduce to a six-dimensional dynamical systeṁ
subject to the constraint
Only Eq. (24) contains the fields φ 1 and φ 2 explicitly. Therefore, using the constraint (28) to eliminate the source term h abφ aφb and noting that equations (25) and (26) do not contain the fields φ 1 and φ 2 explicitly, we conclude that the system (24)- (27) is actually 4-dimensional. A further reduction of the dimension is achieved by using new variables defined as
and a new time variable τ = ln a. Our system becomes
where a prime denotes differentiation with respect to τ . The evolution of the Hubble function is described by the equation
which decouples again from the rest of the evolution equations.
The equilibrium points are shown in Table 2 . Point O represents an ever-expanding Universe and is unstable. In fact, since α > 0 the energy density Ω in (29) satisfies the logistic equation, therefore the plane Ω = 0 is unstable. We conclude that all solutions starting at any plane 0 < Ω < 1 eventually approach the plane Ω = 1.
It is legitimate therefore to consider the projection of the system (29) on that plane. The phase portrait of this system is shown in Figure 2 . The matter point E and late attractor D both lie on the invariant plane Ω = 1. Point E is of saddle type and trajectories passing nearby eventually diverge. Note that Figure 2 does not exhibit the true character of solutions passing near E, because only trajectories lying on the plane Ω = 1 are shown. Point E is a transient solution and although the kinetic terms are non zero the scalar fields themselves diverge to infinity in such a way that ordinary matter dominates. Point D is a stable node and represents a matter dominated phase. In all equilibrium points the scale factor does not depend on the explicit form of h 11 , h 22 , because the effecive equation of state, w eff := −1 − 2Ḣ/ (3H 2 ), which determines the time dependence of the scale factor, (see Eq. (30)), is a function only of Ω. Note that the equilibrium solutions are the same as those obtained in GR. As in the one dimensional target, we observe that there exist no scaling equilibrium solutions and also, except in the unrealistic case γ < 2/3, no equilibrium may represent an accelerating phase of the Universe. α, α, −2α Saddle for all γ γ < 2/3
Discussion
Wave maps provide an elegant formalism to describe many interacting scalar fields. Our analysis was focused on the cosmological implications of theories including many coupled scalar fields and a perfect fluid. The models developed in the previous sections share the same qualitative properties, namely their equilibrium solutions correspond to those obtained in General Relativity.
In particular, the late attractors of both models are matter dominated, (Ω = 1), and the scale factor evolves as in the known solutions in General Relativity. Thus, the Universe at late times evolves ignoring any effect of the scalar fields. Therefore such systems cannot predict acceleration. This is due to the absence from our model of a cosmological term, such as a potential with nonnegative minimum. Moreover, the positive values of h ab leave no room for a phantom regime. We emphasize that our results in Section 5 do not depend on the functional form of the metric coefficients of the target two-dimensional manifold. This is reflected to the fact that the scale factor at the equilibrium points is independent of h 11 , h 22 . The above results are typical for the wave map system (2)-(3) and do not depend either on the particular form of the metric h ab or on the dimension of the target manifold. In fact, for the system (2)-(3) the Friedmann equation reads,
where the 00-component of the wave map energy-momentum tensor is given by,
One expects that at critical points of T 00 the Universe inflates exponentially. However, for semipositive definite metric h ab , it can be shown that the only minima of h abφ aφb are zero. Furthermore, for a positive definite metric h ab , the minima of h abφ aφb occur necessarily atφ a = 0, a = 1, 2, ..., n, i.e. equilibrium points of the system (2) and (3). Therefore, equation (31) has no solutions with a constant nonnegative H.
Of course, we could relax our assumption of positive definite metrics h ab , and consider the case of a semi-Riemannian target manifold. For example, one may examine the two-dimensional metric (23) with negative δ. In that case it is shown that the late attractor and all the transient solutions, i.e. saddles, of the corresponding system (29) are again matter dominated. Thus the simple change of the sign of h 22 does not produce acceleration. The construction of particular forms of non positive definite metrics of the target manifold which allow for solutions with a constant positive H, is the subject of future research.
